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Kondo resonance in a multi-probe quantum dot
Qing-feng Sun and Hong Guo
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We present a theoretical analysis of a possible route for
directly detecting Kondo resonances in local density of states
(LDOS) of an interacting quantum dot. By very weakly cou-
ple a third and/or a fourth lead to a two-probe quantum dot
and measuring differential conductance through these extra
links, we show that Kondo peaks directly map onto the dif-
ferential conductance measured from the third link. We an-
alyze the conditions by which this detection of Kondo peaks
in LDOS is possible.
73.40.Gk, 72.15.Qm, 73.20.At
The Kondo effect is a prototypical many-body correla-
tion effect in condensed matter involving the interaction
between a localized spin and free electrons. At low tem-
peratures and in the Kondo regime, the entire system—
localized spin plus free electrons, forms a spin singlet
state and the localized spin is screened. As a result, a
very narrow Kondo resonance peak arises in the local
density of states (LDOS) at the chemical potential of the
free electrons. The Kondo effect was first discovered in
metals containing a small amount of magnetic impurities.
More recently it was observed in semiconductor quantum
dots (QD)1,2 which has generated a great deal of theoret-
ical and experimental interests because it provides rich
understanding to many-body phenomena at the meso-
scopic scale.
Experimental investigations of Kondo phenomenon
in semiconductor QD were mainly through two
observations1,2. First, for cases of QD confining an odd
number of electrons, the differential conductance dI/dV
is measured as a function of a gate voltage Vg, here I is
the two-probe tunneling current and V the bias voltage.
It was found that dI/dV in the Coulomb blockade region
is enhanced1,2 due to the Kondo effect. Second, there is
a peak at bias V = 0 in the dI/dV versus V curve, and
this peak splits into two when there is a magnetic field1.
Although dI/dV gives a measure of LDOS of the QD in
linear response, to the best of our knowledge the com-
prehensive shape of the LDOS of the QD in the Kondo
regime, namely the one (or a few) narrow Kondo peak on
top of the “shoulder” of the broad peak corresponding to
a intradot level, has so far not been directly detected in
any experiment.
The outstanding features in the QD Kondo phe-
nomenon are most prominent and plentiful in LDOS than
in the tunneling current I and its associated differential
conductance dI/dV . For example, for a QD coupled to
a normal lead and a superconducting lead (a N-QD-S
device), three Kondo peaks arise in LDOS at the chem-
ical potential of the normal lead and at the supercon-
ducting gap (±∆) respectively. On the other hand, the
tunneling current hardly vary at all despite the presence
of these Kondo peaks in LDOS3. As another example,
in an asymmetric N-QD-S device under a finite on-site
Coulomb interaction and a large superconducting gap,
four Kondo peaks emerge in LDOS4. However, while
the current is enhanced due to these features, it does
not show clear characteristics of the narrow Kondo res-
onances. Therefore, it is extremely useful to be able to
directly detect the narrow Kondo resonance in the LDOS.
Given the importance of the physics of Kondo phe-
nomenon in mesoscopic systems and the extensive inves-
tigations in both theory and experiments, it is indeed sur-
prising to see the lack of direct observation of the Kondo
resonance peaks in the QD LDOS5. It is the purpose
of this communication to present a theoretical analysis
of a possible route for solving this problem. Because,
as discussed above, that two-probe tunneling differential
conductance dI/dV does not reveal the narrow Kondo
peaks in LDOS, we will investigate a new approach by
which one or two extra leads are used to probe the QD.
When conditions are controlled correctly, we show that
the LDOS (including the narrow Kondo peaks) will di-
rectly map onto the current measured at the extra leads
thereby providing a direct measurements of the narrow
Kondo peaks elusive so far.
To begin, let’s consider the hypothetical device con-
sisting of a QD coupled to four leads fabricated by a
split gate technique, as shown in the inset of Fig.2, in a
two-dimensional electron gas (2DEG). Here, leads 1 and
3 plus the QD form a typical two-probe QD device for
which we assume as having a Kondo regime at low tem-
perature, so that there are some Kondo resonances in the
LDOS which is our target of measurement. Leads 2 and
4 are assumed to very weakly couple with the QD, much
weaker than that of leads 1 and 3. The quantification
of these statements will be made below. Our hope is to
probe the QD Kondo physics through lead 2. The pur-
pose of the bias on lead 4, V4, is to provide a voltage
opposite in sign to that of V2, so as to compensate the
intradot energy altered by bias V2. Our results suggest
that when conditions are right, the differential conduc-
tance dI2/dV2 versus its terminal bias V2, gives an excel-
lent measurement to the LDOS as a function of energy ǫ,
thereby allowing us to observe the Kondo peaks directly.
There are so far some literature attempting to mea-
sure the Kondo resonance in LDOS5–7. They use a scan-
ning tunneling microscope (STM) to obtain spectroscopic
data on individual magnetic impurities deposited onto
the host metal. However, due to quantum interference
1
between the d and/or f orbitals of the magnetic impurity
and the continuum conduction electron channels, so far
only Fano like resonances were obtained in the spectrum
rather than the expected Lorentzian shape of the Kondo
peaks. In contrast, our present hypothetical experiment
will attempt to directly obtain the original shape of the
Kondo resonance in LDOS. The essential difference in
our device as compared to those studied before are the
following. In the STM experiment7,8, there exists elec-
tron transitions between the host metal, which provides
conduction or free electrons, and the probing STM tip,
such transitions cannot be avoided. In our device, there
does not exist direct tunneling between the probe ter-
minal lead 2 and the conduction electron channels lead 1
and 3. This important difference allows us to observe the
original shape of LDOS including the Kondo resonances.
Our device is described by the following Hamiltonian,
H =
∑
α,k,σ
ǫαka
†
αkσaαkσ +
∑
σ
ǫdσd
†
σdσ + Ud
†
↑d↑d
†
↓d↓
+
∑
α,k,σ
(
vαka
†
αkσdσ +H.c.
)
, (1)
where a†αkσ(aαkσ) (α = 1, 2, 3, 4) and d
†
α (dα) are cre-
ation (annihilation) operators in the lead α and the QD,
respectively. The QD includes a single energy level, but
having spin index σ and intradot Coulomb interaction
U . To account for a possible magnetic field, we allow
ǫd↑ 6= ǫd↓. The last term describes the tunneling part
of the Hamiltonian, with vαk being the coupling matrix
element.
The current from lead α flowing into the QD can be
expressed as9,
Iα = −2eIm
∑
σ
∫
dǫ
2π
Γα
{
fα(ǫ)G
r
σ(ǫ) +
1
2
G<σ (ǫ)
}
, (2)
where Γα(ǫ) = 2π
∑
k |vαk|
2δ(ǫ− ǫαk); fα(ǫ) is the Fermi
distribution of lead α; Grσ(ǫ) and G
<
σ (ǫ) are the re-
tarded and the Keldysh Green’s functions of the QD, they
are the Fourier transformation of Gr,<σ (t), and G
r
σ(t) ≡
−iθ(t) < {dσ(t), d
†
σ(0)} >, G
<
σ (t) ≡ i < d
†
σ(0)dσ(t) >.
Using the standard equation of motion technique and
taking the familiar decoupling approximation10, we have
solved Grσ(ǫ) to be
Grσ(ǫ) =
1 + UAσnσ¯
ǫ− ǫdσ − Σ
(0)
σ + UAσ(Σ
(a)
σ¯ +Σ
(b)
σ¯ )
, (3)
where Aσ(ǫ) = [ǫ − ǫdσ − U − Σ
(0)
σ − Σ
(1)
σ¯ − Σ
(2)
σ¯ ]
−1
and Σ
(0)
σ =
∑
kα |vαk|
2/(ǫ − ǫαk + i0
+) is the lowest-
order self-energy which is exactly the retarded self-energy
for a noninteraction system; Σ
(a)
σ , Σ
(b)
σ , Σ
(1)
σ , and Σ
(2)
σ
are the higher-order self-energies due to the intradot
Coulomb interaction and the tunneling coupling. These
higher-order self-energies are derived to be: Σ
(a)
σ =
∑
kα |vαk|
2fα(ǫαk)/ǫ
+
σ ; Σ
(b)
σ =
∑
kα |vαk|
2fα(ǫαk)/ǫ
−
σ ;
Σ
(1)
σ =
∑
kα |vαk|
2/ǫ+σ ; Σ
(2)
σ =
∑
kα |vαk|
2/ǫ−σ ; here
ǫ+σ = ǫ + ǫαk − ǫdσ − ǫdσ¯ − U + i0
+ and ǫ−σ = ǫ − ǫαk −
ǫdσ¯+ǫdσ+ i0
+. The quantity nσ¯ in Eq.(3) is the intradot
electron occupation number of state σ¯, which needs to
be calculated self-consistently11. In the limit of having
only two leads, the above results reduces to that of Refs.
10,12.
The Keldysh Green function G<σ , for interacting sys-
tems, can not be obtained from the equation of motion
without introducing additional assumptions. We use the
standard ansatz due to Ng13,
Σ<σ (ǫ) = −
∑
α
Γαfα(ǫ)
Γ
(Σrσ − Σ
a
σ) , (4)
where Γ =
∑
α Γα. Σ
<
σ and Σ
r
σ(Σ
a
σ) are the lesser and
retarded (advanced) self-energies of the interacting sys-
tem. Then from the Keldysh equation G<σ = G
r
σΣ
<
σG
a
σ
and Gaσ = (G
r
σ)
∗, G<σ can be obtained straightforwardly.
With Grσ and G
<
σ solved, from Eq.(2) the current can be
obtained immediately:
Iα = −2e
∑
σ,α′
∫
dǫ
2π
ΓαΓα′
Γ
[fα(ǫ)− fα′(ǫ)] ImG
r
σ . (5)
In the numerical calculation, we make a few further
simplifications: (i) we assume square bands of width
2W , so that Γα(ǫ) = Γαθ(W − |ǫ|), with W = 1000 ≫
max(kBT, Vα,Γα); (ii) we take the large U limit U →∞;
(iii) considering that the intradot level ǫdσ is affected
by leads’ bias voltage Vα, we assume this effect to be
ǫdσ = ǫdσ(0)+ γ2V2+ γ4V4, with γα = Cα/C. Here Cα is
the capacitance between lead α and the QD, and C is the
total capacitance of the QD; ǫdσ(0) is the location of the
intradot energy level at V2 = V4 = 0. We set V4 = −V2
to offset the level change, so that
ǫdσ = ǫdσ(0) + γV2 (6)
where γ = (C2 − C4)/C.
Our objective system is the QD plus leads 1 and 3, it is
recovered by setting Γ2 = Γ4 = 0 so that leads 2 and 4 are
decoupled from the QD. The dotted curves of Fig.1 shows
the intradot LDOS of the objective system14. A broad
peak at ǫ = −2 is due to the intradot renormalized level.
In nonequilibrium and at zero magnetic field (ǫd↑ = ǫd↓),
there exhibits two narrow Kondo resonance peaks at µ1
and µ3 in the LDOS. With a non-zero magnetic field
(ǫd↑ 6= ǫd↓) and in nonequilibrium, four narrow Kondo
peaks emerge at µ1/3 ± ∆ǫ where ∆ǫ = ǫd↓ − ǫd↑ is the
level difference. These familiar characters of LDOS have
been known12 in theory, our task to “experimentally”
measure them.
Let’s now turn on a non-zero Γ2 and Γ4. Note that
these couplings must be greatly weaker than those of
leads 1 and 3, i.e. Γ2,Γ4 ≪ Γ1,Γ3, so that they do not
affect the QD significantly. We first consider the γ = 0
2
case for which there is a complete compensation of V2
by V4 so that the level ǫdσ does not change with V2 by
Eq.(6). The differential conductance dI2/dV2 versus V2
is shown in Fig.1 by the solid curves, and they overlap al-
most identically with the dotted curves of the two-probe
LDOS (the objective system), so that the dotted curves
can not be seen in the fig.1. In other words, the dI2/dV2-
V2 data and the LDOS-ǫ data of the objective system
map into each other essentially perfectly. To see better
the comparison, data in the vicinity of Kondo peaks for
zero magnetic field are shown in the inset of Fig.1. Al-
though the Kondo peaks of dI2/dV2 is slightly lower than
those of LDOS, they not only agree in their position but
also in the Lorentzian shape which is a very important
characteristic of Kondo phenomenon.
Why does dI2/dV2 versus V2 give such an excellent
mapping of the original LDOS of the objective system ?
First, lead 2 is very weakly coupled to the QD so that
the original QD LDOS is not significantly affected by it.
Second, because the QD is coupled to leads 1 and 3 in
much stronger way, e.g. Γ1,Γ3 ≫ Γ2, resonance tun-
neling from lead 2 to leads 1, 3 can not occur with any
substantial probability. Therefore, an incident electron
with energy ǫ from lead 2 has a probability of tunneling
into the QD that is given by the intradot LDOS(ǫ), lead-
ing to the excellent agreement between dI2/dV2 and the
LDOS. We conclude that the LDOS versus energy ǫ can
be obtained by measuring dI2/dV2 versus V2.
It is worth mentioning that although we have as-
sumed symmetric couplings between leads 1,3 to the QD,
Γ1 = Γ3, and assumed a large e-e interaction U →∞, it
is straightforward to confirm, as we did, that if Γ1 6= Γ3
and U is finite, our results are still tenable. In fact, these
parameters of the objective system only affect its LDOS,
they do not destroy the excellent agreement between the
signal dI2/dV2 and the LDOS. In addition, the physics
dictating this excellent agreement is independent of what
theoretical methods one uses to derive the Green’s func-
tions Grσ(ǫ). In other words, if one uses another method
to solveGrσ(ǫ) rather than the equation of motion method
we used here12, or even if one gives an arbitrary LDOS of
the target system, our proposed detection technique can
still give the excellent agreement between dI2/dV2 and
the LDOS.
Other important issues concerning our proposal are the
ranges of parameters associated with leads 2 and 4 which
we use to probe the LDOS. If the resistance provided by
lead 1 to the QD is a typical 10KΩ, then if lead 3 cou-
ples 1000 times weaker, its contact to QD will have a
resistance of 10MΩ which is experimentally not difficult.
When voltages on leads 2 and 4 do not exactly compen-
sate, i.e. when γ 6= 0, the intradot level ǫdσ will change
with V2 according to Eq.(6), hence features in LDOS will
be changed which affect the proposed measurement of the
Kondo peaks by dI2/dV2. Our investigation on this prob-
lem shows that this is actually a weak effect on the Kondo
resonances, as shown in Fig.2 where dI2/dV2 is plotted
against V2 at several values of γ. The background dif-
ferential conductance does change with γ. However, the
important result is that the narrow Kondo peaks still
keep the original shape, and their locations do not vary
at all as shown in Fig.2. Even when γ = 0.5 or larger,
these Kondo characters remain. Therefore, we believe
the condition on parameter γ is not strict for our pro-
posal to work. It should be stressed that if γ is not very
large, e.g. γ = 0.05, the broad peak which corresponds
to the intradot renormalized level, only shifts slightly but
retaining its line shape (dashed line of Fig.1). So the com-
prehensive shape of LDOS in the Kondo regime, the one
(or a few) narrow Kondo peak on top of the shoulder of
the broad peak, can be detected.
Let’s estimate the value of γ which, of course, is less
than unity. The total capacitance C includes each termi-
nal capacitance Cα (α = 1, 2, 3, 4), it also includes, per-
haps, some gate capacitances Cg. A gate is a negatively
biased metal deposited above the 2DEG while the leads’
terminal is in the 2DEG and coupled to QD by tunnel
barriers. In general, Cα/Cα′ is approximatively propor-
tional to Γα/Γα′ , and Cg is larger than Cα
15. Because
Γ2 ≪ Γ1 and Γ3 (in Fig.1 and 2, Γ1 = Γ3 = 1000Γ2), a
conservative estimate is that C1 and C3 should be larger
than 10C2. Then, even if we neglect Cg in the total C and
even if we completely remove the compensating terminal
4, we still have γ = C2/C < 0.05. Moreover, if the com-
pensating lead 4 is there to cancel the effect of the probe
terminal 2 to some extent, we estimate |γ| should be less
than 0.01. Hence, by results of Fig.2, such a small γ will
not cause any trouble to our proposed measurements of
the Kondo peaks.
Next, we discuss the range of temperature T where
the excellent agreement of dI2/dV2 and LDOS can be
kept. We fix γ = 0.05, as discussed above, this value of
γ is easily realized even without the compensating lead
4. Therefore we set, in our theory, Γ4 = 0 and C4 = 0,
and we propose to replace lead 4 by a gate to control
the intradot level position (see inset of Fig.3). The sig-
nal dI2/dV2 versus V2 is shown in Fig.3 for three tem-
peratures. At low temperature, there are four Kondo
peaks at µ1/3 ±∆ǫ in dI2/dV2, they are the mapping of
the four Kondo peaks in LDOS(ǫ) which have been dis-
cussed above. Increasing temperature causes the Kondo
peaks to go down, until they completely disappear. On
the other hand, we found that the broad peak which cor-
responds to the intradot level essentially does not change
in this range of temperatures (not shown). These charac-
ters are in excellent agreement with those of the LDOS.
In fact, our investigations show that when kBT < Γ1+Γ3,
the excellent agreements between dI2/dV2 and LDOS are
always maintained.
To summarize, we have proposed and analyzed a pos-
sibility to experimentally directly observe the local den-
sity of states of a quantum dot, thereby directly detect
Kondo resonance peaks in it. In particular, using an ex-
tra weak link to the quantum dot, we showed that curves
of dI2/dV2 versus V2 can map out perfectly the curves of
LDOS versus energy, if experimental conditions are set in
3
the correct range. We also provided an analysis to these
conditions and found them to be reasonable and there-
fore should be realizable. Indeed, it will be extremely
interesting to experimentally test these predictions.
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FIG. 1. Two solid curves are the differential conductance
dI2/dV2 versus V2, with Γ2 = Γ4 = 0.001 and γ = 0. Two dot-
ted curves are the LDOS versus energy ǫ for the two-probe ob-
jective system (obtained by setting Γ2 = Γ4 = 0). The thick
dashed curve is dI2/dV2 versus V2 with Γ2 = Γ4 = 0.001
and γ = 0.05. Other parameters are: Γ1 = Γ3 = 1,
V1 = −V3 = 0.1, and T = 0.005. The thick curves
and thin curves correspond to ǫd↑(0) = ǫd↓(0) = −4.0 and
ǫd↑(0) = −4.2, ǫd↓(0) = −3.8, respectively. Notice that the
dotted curves almost overlap perfectly with the solid curves
so that they almost cannot be seen in the figure. The inset
shows the two Kondo resonance peaks at zero magnetic field
(by setting ǫd↑(0) = ǫd↓(0) = −4.0).
FIG. 2. dI2/dV2 versus V2 at different parameters γ.
Other parameters are same as those of the thin solid line
of Fig.1. The inset is a schematic diagram for the four-probe
quantum dot device.
FIG. 3. dI2/dV2 versus V2 for three different tem-
peratures T , where the parameters are: Γ1 = Γ3 = 1,
Γ2 = 0.001, γ = 0.05, ǫd↑(0) = −4.15, ǫd↓(0) = −3.85, and
V1 = −V3 = 0.15. The inset is a schematic diagram for a
proposed three-terminal quantum dot device.
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